We design a scheme for detecting a single photon loss from multi-modal quantum signals transmitted via a fiber or in free space. This consists of a special type of unitary coding transformation, the controlled-squeezing, applied prior to the transmission on the signal composed by information and ancilla modes. At the receiver, the inverse unitary transformation is applied -decoding, and the ancilla modes are measured via photon detection. The outcome reveals whether a photon loss has occurred. Distortion of the information part of the signal caused by an ancilla photon loss can be corrected if the encoding transformation is appropriately selected. Loss of a photon from the information part of the signal can be detected with the probability exponentially close to unity. In contrast to the schemes of decoherence free subspaces and quantum error correction protocols, this methods allows one to make use of entire Hilbert space dimensionality. We discuss possible ways of synthesizing the required encoding-decoding transformations.
I. INTRODUCTION
Photonic quantum information processing [1, 2] is a fast advancing domain with break-through promises in the area of communication security and computation. The main hindrance in the implementation of photonic schemes is the irreversible process of photon losses which may occur during propagation of a signal in free-space, fibers or integrated photonic circuits. As a consequence many works have been dedicated to this subject suggesting various elegant solutions. One class of schemes has been deployed aiming the realization of noiseless amplification of quantum signals [3] [4] [5] [6] [7] [8] in analogy to classical amplifiers. The most celebrated protection scheme against photon losses for distributing entangled pairs of photons over long distances is the one of quantum repeaters [9] [10] [11] . Finally, one main class of protection schemes extends the ideas of quantum error-correcting codes for qubits [12] to photonic modes [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
In this work we propose an error-detection scheme for photonic signals and we focus on the single-photon losses that usually occur with a much larger probability compared the higher order events [14, 15, 23] . The task of error-detection is simpler than the one of errorcorrection and as consequence the restrictions on the encoding subspace of the signal, present in every quantum error-correcting algorithm, can be ultimately lifted. Concerning the resources required for the scheme's implementation. These are of similar degree of strain as for errorcorrecting codes [24] , and we assume extra resources as χ (2) non-linearity or a controllable quantum ensemble of atoms that acts as a mediator to the fields.
Detection of accidental irreversible changes is well developed for classical signals [25] being one of the main problems of the coding theory. The task can be accomplished by adding to the main signal an amount of complimentary information, so-called checksums, that allows one to primarily detect the eventual distortion of the transmitted information. In this work we extend the idea to quantum optical signals and we devise a scheme that detects uncontrolled errors of single photon-loss type on the information signal, by performing measurements on a complimentary ancilla system. This task is implementable by entangling the signal and ancilla at the encoding step and applying the inverse operation on the decoding step. However, due to this underlying entanglement errors on the ancilla can generate errors on the quantum state of the information signal, so we carefully adjust the scheme so that such a effect is correctable by simple unitary actions. On the other hand, if the information part of the quantum signal is subjected to an uncontrolled action, such an non-unitary error can only be detected by our scheme while the distorted quantum information cannot be restored.
In our suggested error detection scheme quantum information is encoded in quantum states of multi-mode electromagnetic fields. The input quantum optical signal |Ψ = |Ψ I ⊗ |Ψ A is composed of K distinguishable information modes
with n i = a † i a i the i-th field mode number operator for the i-th mode, and M ancilla modes
with m i = b † i b i . The K + M modes in Eqs.(1)-(2) may stand for transverse spatial, angular momentum or polarization modes. The ancilla is initially set to the vacuum state |0 A and the common quantum state |Ψ is subject to the coding and decoding transformations prior and after the propagation, respectively. The key idea of the method lies on these coding/decoding actions which are performed with the help of either an energy controlled-squeezing operation, or a photon number parity controlled-squeezing operation, -unitary operations producing strong squeezing of the vacuum states of the ancilla modes in function of either energy or the photon number parity of the information signal modes. The first encoding scheme can be synthesized in a relatively simple way, although has an important shortage of restricting considerably the dimensionality of the Hilbert space suitable for the encoding of the information. The second one can make use of the entire dimensionality, but requires more complicated means for its implementation.
The paper is organized as follows. In Section II we describe a scheme that is able to distinguish between two error events: no photon losses and a single photon loss on the signal or ancilla. As shown in Fig.1 , it includes the phases of encoding, propagation, decoding and detection. During the encoding phase, the ancilla modes are getting entangled with the signal via a unitary operation that we call energy controlled-squeezing operation. In Section III we consider the unitary operation that we call photon number parity controlled-squeezing operation, which allows one to encode the information in the entire Hilbert space of the photon modes, and not only in the states corresponding a fixed number of the information photons, as it is the case for the approach of Section II. In Section IV we discuss ways for synthesizing the encoding/decoding gates using standard methods of gates' decomposition and quantum control techniques.
II. THE DETECTION SCHEME
The general description of the amplitude damping in quantum channels [14, 15] is based on the theory of open quantum systems and employes the density matrix and Kraus operators formalism. However this description drastically simplifies [17] under the assumption of a single photon loss and pure states input, where one can remain within the Hilbert space formalism describing a photon loss in mode i by simple action of the anihilaion operator a i on the signal state |Ψ , or even a photon loss from a superposition of modes given by the collective photon loss operator A. Effect of coding, photon losses and decoding on the quantum field signal state Let us start with the unknown K-mode quantum state |Ψ I of the information system Eq.(1) to be transported to a final destination either through a fiber or via the free space. To protect the signal from the uncontrolled photon loss of Eq.(3), we add a M -mode ancilla Eq.(2) in the vacuum state |0 A and encode this combined quantum system of (K + M ) modes by applying an entan-
, which we first take in the form
This operation produces squeezing of the ancilla modes controlled by linear combinations of the photon number operators of the information modes and therefore we name it an energy controlled-squeezing operation. Obviously the additional ancilla modes increase the number of possible photon loss channels since, apart from the losses given by the operator A, one should now take into account the ancilla losses given by the operator
After the propagation, at the final destination, the entangled signal is decoded by applying
, the inverse of the unitary operator (4), and the state of the ancilla is subject to a measurement by detecting the photon numbers in each of its M modes.
Consider now three possible outcomes of the measurement process: (i) In the case of no losses, the combined signal is restored intact after the decoding, as a direct product |Ψ = |Ψ I ⊗ |0 A . As consequence no photons are detected on any of the M ancilla modes and the signal state is not affected by these measurements. (ii) In the case where a photon has been lost from an ancilla mode, the state
with one of the ancilla modes state being in the first excited state. Here ∆ is a normalization factor associated with the non-unitary action of the operators b j . The measurement of a photon at the j ancilla mode projects the signal state to
with ∆ ′ a normalization factor associated with the measurement induced state re-duction. Eq. (6) implies that the subspace of the entire Hilbert space of the information signal corresponding to the fixed linear combination of the photon numbers
In the case where a photon has been lost from the information system one finds the final state
where the ancilla modes are conditionally squeezed on the loss of a photon. For large squeezing parameters γ i,j , in the case (iii), by measurement on the number of photons in the ancilla modes, apart from the event of no photon registered having a vanishing probability
one detects a large even typical number m j ∼ K i=1 α i exp 2 |γ i,j | of photons [26] while the joint photon count distribution [27] for the ancilla modes reads
with all m j even numbers.
B. Structuring the coupling elements in the energy controlled-squeezing Hamiltonian
Thus far, no assumptions have been imposed on the matrix γ i,j in Eq.(4), other than big amplitude resulting to strong squeezing of the ancilla mode states. Here, we structure the elements of the coupling matrix imposing two different types of symmetric coupling presented in Let's first explore the case (i) where one just wants to identify the information mode i where a photon has been lost. To this end, we set M = K and require that each of the signal modes is entangled with just one ancilla mode via a matrix
with γ large positive number, Fig. 2 (a) . In view of the Eq.( 7) the detection of two or more photons on the ancilla mode j will indeed unambiguously indicate that a photon has been lost from the signal mode j. Still, the most logical use of the detection scheme for heralded quantum communication purposes (ii) requires a different structuring of the matrix γ i,j . In fact, according to Eq.(6), the coupling Eq.(10) will distort the signal |Ψ in the case of an ancilla photon loss, thus leaving no error tolerant subspaces in the Hilbert space of information signal. So the choice of the matrix as in Eq. (10) is not convenient for transmission of quantum information, since the detection scheme results in a high probability of signal distortion. This observation takes us to a second proposal for the coupling matrix as
In the simplest case shown in Fig. 2 (b) , one can assume M = 1. With such a coupling one can no longer identify which one of the modes i has experienced loss of photon, but for a state |Ψ comprising only the states with an identical total number of photons, the signal will not be affected by the ancilla photon loss, in compliance with Eq.(6). In the simplest version of such a scenario, the subspace of one photon can be employed for the encoding of the information as:
Such an encoding on product states is more accessible than the coding over entangled states in the habitual error correcting codes, but still this is quite restrictive.
III. CODING WITH A PARITY CONTROLLED-SQUEEZING OPERATION
The coding based on the energy controlled-squeezing Eq.(4) obviously reduces the effective dimension of the encoding space from the full dimension N K to just K at most (see Eq. (12)), and hence a natural question arises: can one considerably augment this dimension by another choice of the action S a
The answer is positive: the coding action
allows one to employ full dimensionality N K for the information transmission. Here Π j = (−1) K i=1 γi,j a † i ai with γ i,j = 0, 1 is the photon number parity operator for the modes of the information system coupled to the ancilla mode j. We denote the unitary operation corresponding to the action Eq.(13) by U P CS , and henceforth call it a parity controlled-squeezing operation.
We proceed by investigating the encoding/decoding effect of U P CS taking the coupling matrix as in Eq.(10), Fig. 2 (a) .
A. The outcome in the case of a photon loss on the ancilla modes
Employing U P CS as encoding operation, a photon loss from the j ancilla mode results in the signal state
by analogy to Eq.(6). By noting that sinh (x) is an odd function, one immediately finds that |Ψ ′ I = Π j |Ψ I . This implies that the states with an even number of photons in the j information mode coupled to the j ancilla mode which has lost a photon remain intact, while those having an odd number of photons experience a π phase shift. This transformation of the information system is reversible, one simply needs to know which one of the ancilla mods j has lost the photon and apply the unitary operation Π j = e iπ a † j aj in accordance. This piece of information is readily available from the ancilla photon measurement -the mode that has lost a photon during the stage of propagation gets an extra photon after the decoding transformation as in Eq.(5)), and this photon can be detected.
B. The outcome in the case of a photon loss on the information modes
In the case of a photon loss from the state mode i, the analogue to Eq. (7) is
This implies that the photon loss results in a strong squeezing on the corresponding ancilla mode i, such that the distribution of the even photon number states in this mode reads
Deriving Eq. (16) is independent of the sign of the squeezing parameter. For such a distribution, typical numbers of photons in the i ancilla mode is large, being of the order of m i ∼exp(2Γ). This implies that once a photon has been lost from a mode i of the information system, on the ancilla mode i the vacuum state gets strongly squeezed and a large even number of photons can be detected as a consequence. One can easily extend the above results to the case where the information mode i is coupled to more than one ancilla modes j via a coupling matrix γ i,j = 0, 1. In such case the Eqs. (15) , (16) generalize to
and
where the product is taken over all states j for which γ i,j = 1. In such case the the loss of a photon on an information mode, transmits the squeezing effect on more than one ancillary modes and the error can more efficiently be detected.
IV. HOW TO PRODUCE THE CONTROLLED-SQUEEZING OPERATIONS?
We now address the question on the kind of the physical interaction which can result in the controlledsqueezing coding actions Eq.(4), (13) , and we propose specific quantum control scenarios and decompositions that can guide their realization.
A. The energy controlled-squeeze gate
We start with the operation of Eq.(4). The relevant detection scheme is based on the possibility of implementing the two-mode gate
between a signal mode a and an ancilla mode b. We call this gate an energy controlled-squeezing gate since with its application the mode b is getting squeezed with a parameter that depends linearly on the number of photons of the mode a. The coupling Hamiltonian in Eq.(19) is a sort of quartic Kerr nonlinearity, which may either not be present in the optical setting, or be rather small making the required coding transformation Eq.(19) difficult to achieve in practice. Alternatively, one can think about the quantum signal mode energy a † a controlling via a nonlinear interaction χ (2) a coherent pump E ∼ χ (2) a † aE of a parametric generator, which excites the ancilla modes by a Hamiltonian E b † b † + b b , where E is a strong classical field. However, this approach requires complete conversion of the coherent pumping field photons to the photons of the squeezed vacuum state of the ancilla, which can be guaranteed only for the case of virtual pumping photons thus again implying a weak coupling between modes a and b. Therefore, we conclude that the realization of such a gate by straightforward quantum optical methods is rather inefficient and in the following we adopt another methodology, relying on the recent progress that has been made towards the implementation of cubic phase gates [28, 29] .
We proceed by proving that the gate in Eq. (19) , can be implemented on the basis of single-mode cubic phase gates and Gaussian operations. For the purpose, it is more convenient to work with the canonical "position" and "momentum" mode operators defined for the signal mode as q a = a+ a † √ 2 and p a = −i a− a † √ 2 , respectively, and for the ancilla mode b as q b = 1
We have also invoked here the scaled units where the oscillator frequency equals unity. The commutation relation now reads [ q l , p m ] = iδ lm , while Eq. (19) can be re-written as
Let us start with the two-mode Gaussian operation:
By applying the single-qubit phase gates U = exp iλ 1 q 3 a , U = exp iµ 1 q 3 b and their inverses on Eq. (21),
one arrives into a quartic generating Hamiltonian
where we have used the identity U −1 e i H U = e i U −1 H U . One can then easily reduce Eq.(23) to Eq. (20) by a sequence of single-mode Gaussian operations. The simplest scenario is the following sequence of transformations
where U 2a = e iλ6 pa+iλ5 p 2 a e −iλ4 q 2 a e iλ3 p 2 a e iλ2 q 2 a (25)
One then needs to solve a linear system of equations to identify the parameters λ's and µ's such that U 2 , Eq.(24), matches the wanted operation G ECS . It is important to mention that the decomposition of the energy controlled-squeezing gate that we propose in this work is indicative. It might be that there is a shorter (approximate) decomposition using standard compilation methods for bosonic gates [30, 31] .
B. The photon parity controlled-squeezing gate
We now turn to the construction of the coding transformation Eq.(13), considering the simplest case of just one information mode and one ancilla mode, such that the required coding transformation is given by
which we name the parity controlled-squeezing gate. We show how one can synthesize such a gate with the help of an intermediate system with SU (2) symmetry, such as a collection of non-interacting two-level systems which can be described in terms of three Pauli operators σ x , σ y , and σ z entering the polarization, dispersion, and the population inversion components of the Bloch vector, respectively. Let V i,tl = µ a † a σ z be the interaction Hamiltonian between the intermediate system and the information system. Physically this corresponds to the Stark shift in the two-level systems induced by the electric field of the information photons. Let also the Hamiltonian V a,tl = κ b † b † + b b σ x describe the interaction of the intermediate system with the ancilla, implying that the total polarization of the two-level systems parametrically pumps the ancilla photon mode. We assume that the coupling energy µ can be done both positive and negative by a proper choice of the intermediate system parameters. We also assume the intermediate system initially in the eigenstate |1 T L of the operator σ x with eigenvalue 1, such that initially, the entire system is in the quantum state |Ψ I ⊗ |0 A ⊗ |1 T L .
In order to synthesize the required coding transformation, we first apply the interaction V i,tl for a time interval π/2µ, we then apply the interaction V a,tl during a time interval Γ/κ, and finally apply the interaction − V i,tl during a time interval π/2µ, thus bringing the entire compound system to the quantum state
The operator e i π 2 a † a⊗ σz I ⊗ σ x e −i π 2 a † a⊗ σz = cos π a † a ⊗ σ x + i sin π a † a ⊗ σ y with the operator sin π a † a vanishing for all number states of the information system and their linear combinations thus yielding
This means that the intermediate system is not anymore entangled with the information system plus ancilla signal compound, while the latter experience the required coding transformation. By setting the intermediate system's initial state to the eigenstate |1 T L of the operator σ x corresponding to the eigenvalue −1, one obtains the decoding transformation
while the intermediate system remains disentangled from the rest.
V. DISCUSSION
We have proposed a general scheme for detecting the event of a single photon loss on photonic signals composed by discrete modes propagating via a quantum channel. This comes as a workable alternative to well established quantum error-correcting algorithms for bosonic modes, imposing less or even, no restrictions on the encoding space of the signal and on the number of ancillary modes. On the other hand, the suggestion of this current work is not compatible with quantum photonic computing processing and it is only helpful for heralded quantum communication.
The proposal is based on the use of ancilla modes which 'dress' the signal during the propagation in such a way that: a) a signal which did not loose any photons remains intact, b) a photon loss from the information system can be identified by photon detection on the ancilla modes, and c) a loss of a photon on the ancilla is also detectable but leaving intact only certain subspaces in the signal's Hilbert space. The dimensionality of these subspaces depend on the form of the coding transformation, reaching the full dimension for special settings.
The main tool of the approach is the conditional squeezing of the ancilla modes, which in the regime of strong squeezing and in the situation where one of the information carrying photons is lost, this results in a strong signal indication, i.e., the presence of an even number of photons on the ancilla modes. In contrast, the loss of an ancilla photon, after decoding, yields the presence of a single photon on that mode. In the generic case, the resulting state of the information system also gets distorted, but for certain coding transformations this distortion is reversible and can be eliminated by proper unitary correction.
One can synthesize the required encoding/decoding transformations, either with the help of quantum control techniques or by deriving a decomposition over a series of known photonic gates. We have suggested a decomposition based on Gaussian operations and cubic phase gates, which is closely related with the experimentally realizable settings. We have also proposed a way for the implementation of the transformation which offers opportunities for complete preservation of the signal, synthesized by a quantum control protocol.
